The possibility of maintaining entanglement in a quantum system at finite, even high, temperatures -the so-called 'hot entanglement' -has obvious practical interest, but also requires closer theoretical scrutiny. Since quantum entanglement in a system evolves in time and is continuously subjected to environmental degradation, a nonequilibrium description by way of open quantum systems is called for. To identify the key issues and the contributing factors that may permit 'hot entanglement' to exist, or the lack thereof, we carry out a model study of two spatially-separated, coupled oscillators in a shared bath depicted by a finite-temperature scalar field. From the Langevin equations we derived for the normal modes and the entanglement measure constructed from the covariance matrix we examine the interplay between direct coupling, field-induced interaction and finite separation on the structure of late-time entanglement. We show that the coupling between oscillators plays a crucial role in sustaining entanglement at intermediate temperatures and over finite separations. In contrast, the field-induced interaction between the oscillators which is a non-Markovian effect, becomes very ineffective at high temperature. We determine the critical temperature above which entanglement disappears to be bounded in the leading order by the inverse frequency of the center-of-mass mode of the reduced oscillator system, a result not unexpected, which rules out hot entanglement in
Introduction
Recently Galve et al [1, 2] pointed out the possibility of keeping quantum entanglement alive in a system at high temperatures by driving the system of two oscillators with a time-dependent interaction term. This is important in practical terms because if entanglement in a quantum open system can be maintained at high temperatures, it eases the way how devices for quantum information processing can be conceptualized and designed. From a theoretical viewpoint understanding the basic mechanisms of obtaining this so-called 'hot entanglement' [3] is also of great interest.
Before beginning the analysis, we note the word 'hot' conveys three layers of meaning in three different contexts, referring to quantum systems A) kept in thermal equilibrium at all times, B) in a nonequilibrium condition and evolving, possibly but not necessarily, toward an equilibrium state, and C) in a nonequilibrium steady state at late times. In this study we derive the fully nonequilibrium dynamics of a system of two coupled quantum harmonic oscillators interacting with a common bath described by a bosonic field at finite temperature T .
Thus our present work falls under Case B, which is in contrast to Case A [4, 5] , where a quantum system is assumed to be already in equilibrium and remains that way. We depict how entanglement of the open quantum system evolves in time and derive the critical temperature above which entanglement cannot survive. In an accompanying paper [6] we study one subcase of Case C, that of a quantum system in nonequilibrium steady state (NESS) at late times, using the framework and results obtained in [7] . The system we analyze there consists of two coupled quantum harmonic oscillators each interacting with its own bath, described by a scalar field, set at two different temperatures T 1 > T 2 which together form the environment. Carrying out a fully systematic analysis of how quantum entanglement in open systems under different nonequilibrium conditions evolves is, in our view, a necessity before any claim of "hot entanglement" can be asserted.
In terms of methodology our present study makes use of the conceptual framework of quantum open systems [8] and the techniques of nonequilibrium quantum field theory [9] . It is a finite temperature generalization of our recent work [10] where the entanglement behavior at late times between two coupled and spatially separated oscillators interacting with a common bath modeled by a scalar field at zero temperature is analyzed in detail. That work in turn is a generalization of the paper of Lin and Hu [11] with coupling between the two oscillators added in the consideration.
System Setup
Our system is made up of two spatially separated coupled detectors, which are entities with internal degrees of freedom (idf) χ 1,2 . The idf of each detector is described by a harmonic oscillator of mass m and bare frequency ω b . This system is placed in a common finite-temperature bath modeled by a massless scalar field φ initially prepared in a thermal state at temperature β −1 . The system is allowed to interact with the bath initially at t = 0. We want to track down its evolution in time, derive the entanglement dynamics between the two detectors at late times and determine the critical temperature above which entanglement no longer exists.
The action of the whole system is
where the current j(x) takes the form j(
spacetime coordinate x is understood as a shorthand notation of (t, x). The parameter σ in the action is the coupling strength between the two idfs, while e is the coupling constant between each idf and the bath. We have written down the action to allow for the detectors to move along an arbitrary yet prescribed trajectory z i (t). In this work we assume they stay at rest throughout.
When the initial state of the idf has a Gaussian form, the reduced density matrix of the idf can be found exactly with the help of the influence functional formalism in the closed-time path integral framework. This enables us to obtain the full-time dynamics of the reduced system under the influence of the environment for arbitrary coupling strengths, as was done in full detail in [10] . Here, to highlight the physics behind thermal entanglement, we opt for a simpler, more physically transparent yet no less general way, by means of the Langevin equation approach, which has been shown to be totally compatible with the reduced-density-matrix description for linear systems. For the current configuration, the Langevin equations of, say, χ 1 is given by
In Eq. (2), in addition to the restoring force −mω 2 b χ 1 and the direct coupling mσχ 2 (t) with the other idf, the essential (most interesting) physics is contained in the nonlocal interactions generated by the system's interaction with its environment, and the stochastic driving force ξ 1 which recounts both the quantum and thermal noises originating from the heat bath at the location of Detector 1. It obeys the Gaussian statistics with ξ 1 (t) = 0 and
, φ(x )} , with { , } denoting symmetrization, is the Hadamard function of the scalar field. In addition, nonzero correlation of the bath between the locations of detector 1 and 2
The · · · can represent the ensemble average or the quantum expectation values, depending on the context.
The nonlocal expressions in (2) containing the retarded Green function 
In certain contexts it signifies a balance between the energy transfer via noise from, and the dissipation back to, the environment. Thus the stochastic equations of motion of χ 1 , χ 2 describe a set of coupled, damped, driven oscillators undergoing non-Markovian dynamics.
Dynamics
The set of equations of motion for χ 1 , χ 2 in fact can be decoupled into the center of mass (CoM) mode χ + = (χ 1 + χ 2 )/2 and the relative mode χ − =
Here the damping term and the retarded term are derived from the nonlocal expressions in (2), whose cutoff dependent component is absorbed with the bare frequency ω b into a renormalized frequency ω. The normal-mode frequency ω ± is then defined by ω 2 ± = ω 2 ± σ, and the damping constant γ by γ = e 2 /8πm.
The unit step function in (4) and (5) clearly indicates that once the idfs come into interaction with the bath at t = 0, it takes some finite time for the disturbance in the field environment induced by one of the detector to reach the other detector, where is the separation between the two detectors (with c = = 1). Subsequently the modified evolution of the second detector will prompt and send new bath disturbance back to the first one; this back and forth process depends on the earlier evolutionary histories of both idfs and is thus nonMarkovian. For strong oscillator-bath coupling, measured by 2γ/ω 2 ± > 1, this non-Markovian evolution can be shown to be unstable [10] . This behavior is in stark contrast to the strong coupling (γ/ω ± > 1) Markovian dynamics, such as the dynamics of the CoM mode for the two idfs in the same location (6) where there is no mutual influence through the field, which tends to be overdamped. To avoid this instability, we will assume weak oscillator-bath coupling (2γ/ω 2 ± < 1) throughout. In addition, it can be shown that non-Markovianity is exponentially suppressed in the high temperature region (β/ 1) but merely algebraically in the low temperature limit (β/ 1). This implies that at high temperature (scaled by the separation), non-Markovianity is negligibly noticeable, but plays an increasingly important role in the system's nonequilibrium evolution and entanglement dynamics at low temperatures.
Since this retardation effect depends on the separation, if we place the two detectors sufficiently close to one another, we observe that the relative mode damps at a much slower rate than the CoM mode [10] ,
where · · · represents the higher-order terms from the Taylor expansion of the retarded terms, and ω 
The Covariance Matrix
The equations of motion (4), (5) enable us to compute the elements of the covariance matrix, defined by
where X T = (χ 1 , p 1 , χ 2 , p 2 ) in the case of a bipartite system and ρ is the corresponding density matrix. For example, the V 11 element is χ 
Here, d
1,2 (t) are a special set of homogeneous solutions to (4) and (5), satisfying d
2 (0) = 1, and they are all equal to zero for t < 0. The noise correlation functions can be expressed in terms of the Hadamard functions of the environment, 1,2 (t) in this case damp exponentially with time t, after the whole reduced system is fully relaxed, the terms that depend on the initial conditions χ 2 ± (0) , p 2 ± (0) will be negligible at late times. The other elements of the covariance matrix can be constructed likewise.
Entanglement Measure
The covariance matrix for a Gaussian continuous variable system is finite dimensional. This make it possible to construct the entanglement measures, such as negativity N (ρ) and logarithmic negativity E N (ρ) [12, 13] , based on the smaller symplectic eigenvalues η < of the partially-transposed covariance matrix V pt . Negativities are calculable, and more importantly, they offer unambiguous quantification of entanglement for a symmetric two-mode Gaussian state [14, 15, 16] . They are defined by Entanglement occurs when η < < 1/2, and the degree of entanglement can be described by the negativity. In the current case, the symplectic eigenvalues η ≷ of V pt take on particularly neat forms
This makes interpretation of entanglement accessible. The idea is that for the entanglement to exist, we would like to have the uncertainties of the corresponding canonical variables as small as possible in order for η 2 < < 1/4. The functional form of η 2 < will depend on the choices of the parameters σ, γ and ω ± and its typical behavior is shown in Fig. 1-(a) . The structure of the late-time entanglement is much more complicated due to the interplay between different couplings and finite oscillator separation.
Effective Description
From the hindsights of the detailed calculations, Eqs. (4), (5) imply that at late time the normal modes can be effectively described by two uncoupled, damped, driven oscillators with the effective oscillating frequencies W based on the observations that when the temperature is not too high, the uncertainty of the normal-mode canonical variables is about the order (apart from the mass scale) χ
, and that at high temperatures their values are dominated by the temperature, leading to χ
. At zero temperature 2 , the behaviors of η Fig. 1-(a) intersect in the vicinity of ∼ 2γ/σ, which signifies a division between the relative strengths of the direct inter-oscillator coupling and the field-induced non-Markovian influence. When σ > 2γ/ , which means that the direct coupling dominates over the indirect field induced effect, we have η < ∼ O(W − /W + ). We expect that entanglement is possibly improved by 1) stronger inter-oscillator coupling, 2) weaker oscillator-bath interaction and 3) larger separation since those condition may decrease the values of η 2 < in the regime σ > 2γ/ . On the other hand, if σ < 2γ/ , the role of direct coupling is insignificant, and the dynamics is largely governed by the non-Markovian field-induced process. We have
The same arguments suggest that entanglement will be enhanced by 1) weaker inter-oscillator coupling, 2) stronger oscillator-bath in-teraction and 3) shorter separation. Results involving non-Markovian processes are less intuitive; however, from the previous effective description at least we easily see how they affect the uncertainties of the normal-mode variables, which determine the entanglement behaviors. These qualitative descriptions based on detailed calculations also point out two interesting facts that direct coupling and the field-induced interactions between the idfs of the two detectors play a competing role, and that entanglement between the subsystems can possibly be maintained at distances much longer than previously expected, when there exists direct coupling between them.
Critical Temperature
At a higher temperature, the field retardation effects vanish very rapidly as the ratio β/ < 1, so the dynamics of the coupled-oscillators open system becomes simpler. In the current configuration entanglement cannot survive at very high temperatures because both χ give an accurate prediction of the critical temperature but the high-temperature approximation can still offer a very reasonable upper bound for the critical temperature and thus is sufficient for our discussion on the critical temperature and its dependence on the coupling strengths.
Here we only discuss the case σ > 2γ because stronger inter-oscillator coupling is a necessity to counter the thermal fluctuations/excitations from the bath, so as to possibly maintain the entanglement between the oscillators at higher bath temperatures. The other range, σ < 2γ , is less interesting since from the viewpoint of the effective frequency, entanglement can be sustained only if we require W − to be as large as possible to counter a large β −1 . It implies that 2γ ω 2 − has to be close to 1. In such a limit the reduced system tends to be unstable. Moreover, non-Markovianity is severely impeded at high temperature such that it becomes ineffective. In the former case, the symplectic eigenvalue η < takes the form
with Λ β being some number much greater than β −1 . Apparently η 
Eq. (13) also shows that direct coupling plays a more important role in determining the critical temperature than the other factors such as the oscillator-bath interaction strength which shows up in γ, the oscillator separation and the field cutoff parameters.
Conclusion
With this, we conclude that for systems well represented by two coupled harmonic oscillator detectors interacting weakly with a common heat bath it is highly unlikely that quantum entanglement can survive at high temperatures [Eq. (14)]. To drive up the critical temperature one should [from Eq. (13)] increase the direct coupling strength between the subsystems over larger separations. Both statements comply with our intuitions. This settles the question we raised in the beginning for nonequilibrium (Case B) systems with timeindependent coupling in a common thermal environment.
